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Universitext For other titles in this series, go to www. Use in connection with any form of information storage
and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology now known or
hereafter developed is forbidden. Printed on acid-free paper springer. For non-abelian groups we discuss the
Plancherel Theorem in the general situation for Type I groups. The generalization of the Poisson Summation
Formula to non-abelian groups is the Sel- berg Trace Formula, which we prove for arbitrary groups admitting
uniform lattices. In the former case the trace formula yields a decomposition of the L2-space of the
Heisenberg group modulo a lattice. In the case SL2 R , the trace formula is used to derive results like the Weil
asymptotic law for hyperbolic surfaces and to provide the analytic continuation of the Selberg zeta function.
The present book is a text book for a graduate course on abstract harmonic analysis and its applications. The
book can be used as a follow up of the First Course in Harmonic Analysis, [9], or indepen- dently, if the
students have required a modest knowledge of Fourier Analysis already. In this book, among other things,
proofs are given of Pontryagin Duality and the Plancherel Theorem for LCA-groups, which were mentioned
but not proved in [9]. Using Pontryagin du- ality, we also obtain various structure theorems for locally
compact abelian groups. Knowledge of set theoretic topology, Lebesgue integration, and func- tional analysis
on an introductory level will be required in the body of the book. For the convenience of the reader we have
included all necessary ingredients from these areas in the appendices. Chapters 3 and 4 are partly based on
written notes of a course given by Professor Eberhard Kaniuth on duality theory for abelian locally compact
groups. The authors are grateful to Professor Kaniuth for allowing us to use this material. The sets of integer,
real, and complex numbers are denoted as Z, R, C. For a set A we write 1A for the characteristic function of
A, i. The existence of a translation invariant measure on a lo- cally compact group, called Haar measure, gives
the very basic tool for the Harmonic Analysis on such groups. The Harmonic Analy- sis of a group is basically
concerned with the study of measurable functions on the group, in particular the spaces L1 G and L2 G , both
taken with respect to Haar measure. The invariance of this measure allows to analyze these function spaces by
some generalized Fourier Analysis, and we shall see in further chapters of this book how powerful these
techniques are. In this book, we will freely use concepts of set-theoretic topology. For the convenience of the
reader we have collected some of these in Appendix A. The proof for the multiplicative group is similar. For
the matrix groups recall that matrix multipli- cation is a polynomial map in the entries of the matrices, and
hence continuous. Then A is open in the product topology of Gâ€”G. For the other way round let x be in the
intersection of all AV as above. Let W be a neighborhood of x. As g varies, the second claim of the lemma
follows. These have the advantage of providing very intuitive proofs. On the other hand, it takes a little
practice to get used to the notion of nets. As an example, how nets provide intuitive proofs, we now give a
useful lemma. Then AK is closed. We have to show that its limit lies in AK. As K is compact, one can replace
it with a subnet so that kj converges in K. Then the canonical 1. Finally, for c let H be an open subgroup. We
prove part a. The set H is a normal subgroup by Lemma 1. The last assertion follows from Lemma 1. To show
part c , let G be a topological group that is T1. Then U is an open neighborhood of the unit. Note that by
Proposition 1. Note that in a locally compact 1. To show b , let V be a symmetric, relatively compact open unit
neighborhood. An iterated application of Lemma 1. Then each Ln is the union of a sequence Kn,j j of compact
sets. It is also open since it con- tains the open subgroup Ln for any n. For simplicity, we will use the term
Radon measure for an outer Radon measure. Let X be an uncountable set equipped with the cocountable
topology , i. Let G be a locally compact group. Here xA stands for the set of all xa, where a ranges over A.
There exists a non-zero left-invariant outer Radon measure on G. It is uniquely determined up to positive
multiples. Every such measure is called a Haar measure. The corresponding integral is called Haar-integral. U
of translates xU needed to cover A. One can compare the sizes of sets and the quotient A: U , where K is
compact, should converge as U shrinks to a point. The limit is the measure in question. We circumvent this
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problem by consider- ing functionals on continuous functions of compact support instead of measures. Before
giving the proof of the theorem, we will draw a few immediate conclusions. For a assume there is a non-empty
open set U of measure zero. Then every translate xU of U has measure zero by invariance. We only prove e
and f , as the other assertions are easy exercises. This follows from Lemma 1. Directly from Lemma 1. This is
the central point of the proof of the existence of the Haar integral.
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The existence of a translation invariant measure on a locally compact group, called Haar measure, gives the
very basic tool for the Harmonic Analysis on such groups. The Harmonic Analysis of a group is basically
concerned with the study of measurable functions on the group, in particular the spaces L1 G and L2 G , both
taken with respect to Haar measure. The invariance of this measure allows to analyze these function spaces by
some generalized Fourier Analysis, and we shall see in further chapters of this book how powerful these
techniques are. In this book, we will freely use concepts of set-theoretic topology. For the convenience of the
reader we have collected some of these in Appendix A. The proof for the multiplicative group is similar. For
the matrix groups recall that matrix multiplication is a polynomial map in the entries of the matrices, and
hence continuous. For the other way round let x be in the intersection of all AV as above. Let W be a
neighborhood of x. If H is normal, then so is H. These have the advantage of providing very intuitive proofs.
On the other hand, it takes a little practice to get used to the notion of nets. As an example, how nets provide
intuitive proofs, we now give a useful lemma. Then AK is closed. We have to show that its limit lies in AK.
As K is compact, one can replace it with a subnet so that kj converges in K. AK, which therefore is closed.
Then the canonical 1. We prove part a. The set H is a normal subgroup by Lemma 1. The last assertion follows
from Lemma 1. To show part c , let G be a topological group that is T1. Then U is an open neighborhood of
the unit. Note that by Proposition 1. Note that in a locally compact 1. The set U is closed by Lemma 1. To
show b , let V be a symmetric, relatively compact open unit n neighborhood. An iterated application of
Lemma n 1. Then each Ln is the union of a sequence Kn,j j of compact sets. The second says that an outer
Radon 1. For simplicity, we will use the term Radon measure for an outer Radon measure. Let X be an
uncountable set equipped with the cocountable topology, i. Let G be a locally compact group. Here xA stands
for the set of all xa, where a ranges over A. There exists a non-zero left-invariant outer Radon measure on G.
It is uniquely determined up to positive multiples. Every such measure is called a Haar measure. The
corresponding integral is called Haar-integral. U of translates xU needed to cover A. U can compare the sizes
of sets and the quotient K: U , where K is compact, should converge as U shrinks to a point. The limit is the
measure in question. We circumvent this problem by considering functionals on continuous functions of
compact support instead of measures. Before giving the proof of the theorem, we will draw a few immediate
conclusions. For a assume there is a non-empty open set U of measure zero. Then every translate xU of U has
measure zero by invariance. In order to prove Theorem 1.
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Preface The tread of this book is formed by two fundamental principles of Harmonic Analysis: the Plancherel Formula
and the Poisson Summation Formula. We ï¬•rst prove both for locally compact abelian groups.

Ocean tides and vibrating strings are common and simple examples. The theoretical approach is often to try to
describe the system by a differential equation or system of equations to predict the essential features, including
the amplitude, frequency, and phases of the oscillatory components. The specific equations depend on the
field, but theories generally try to select equations that represent major principles that are applicable. The
experimental approach is usually to acquire data that accurately quantifies the phenomenon. For example, in a
study of tides, the experimentalist would acquire samples of water depth as a function of time at closely
enough spaced intervals to see each oscillation and over a long enough duration that multiple oscillatory
periods are likely included. In a study on vibrating strings, it is common for the experimentalist to acquire a
sound waveform sampled at a rate at least twice that of the highest frequency expected and for a duration
many times the period of the lowest frequency expected. The waveform appears oscillatory, but it is more
complex than a simple sine wave, indicating the presence of additional waves. The different wave components
contributing to the sound can be revealed by applying a mathematical analysis technique known as the Fourier
transform , the result of which is shown in the lower figure. The core motivating ideas are the various Fourier
transforms , which can be generalized to a transform of functions defined on Hausdorff locally compact
topological groups. The theory for abelian locally compact groups is called Pontryagin duality. Harmonic
analysis studies the properties of that duality and Fourier transform and attempts to extend those features to
different settings, for instance, to the case of non-abelian Lie groups. For general non-abelian locally compact
groups, harmonic analysis is closely related to the theory of unitary group representations. For compact
groups, the Peterâ€”Weyl theorem explains how one may get harmonics by choosing one irreducible
representation out of each equivalence class of representations. This choice of harmonics enjoys some of the
useful properties of the classical Fourier transform in terms of carrying convolutions to pointwise products, or
otherwise showing a certain understanding of the underlying group structure. If the group is neither abelian
nor compact, no general satisfactory theory is currently known "satisfactory" means at least as strong as the
Plancherel theorem. However, many specific cases have been analyzed, for example SLn. In this case,
representations in infinite dimensions play a crucial role. Study of the eigenvalues and eigenvectors of the
Laplacian on domains , manifolds , and to a lesser extent graphs is also considered a branch of harmonic
analysis. For example, the fact that the Fourier transform is rotation-invariant. Decomposing the Fourier
transform into its radial and spherical components leads to topics such as Bessel functions and spherical
harmonics. Harmonic analysis on tube domains is concerned with generalizing properties of Hardy spaces to
higher dimensions.
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The tread of this book is formed by two fundamental principles of Harmonic Analysis: the Plancherel Formula and the
Poisson S- mation Formula.
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The principles are then applied to spectral analysis of Heisenberg manifolds and Riemann surfaces. This new edition
contains a new chapter on p-adic and adelic groups, as well as a complementary section on direct and projective limits.

Chapter 8 : Principles of Harmonic Analysis : Anton Deitmar :
A Course in Abstract Harmonic Analysis is an introduction to that part of analysis on locally compact groups that can be
done with minimal assumptions on the nature of the group.
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